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Abstract 

We develop a new quantum-mechanical model of scattering a particle on a one-dimensional (ID) system of two identical rectangular 
potential barriers, which treats this process as that consisting of two alternative subprocesses (transmission and reflection) and 
represents the wave function to describe the whole process as the superposition of a unique pair of components to describe causally 
evolving transmission and reflection at all stages of scattering. We define for each subprocess the asymptotic and local group 
scattering times as well as the dwell time. In the limit of an opaque system the asymptotic group transmission time saturates, while 
the dwell and local group transmission times increase exponentially and depend on the distance between the barriers. 

Keywords: generalized Hartman effect, dwell time, local and asymptotic group time, Bohmian Wigner Feynman trajectory 
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1. Introduction 

As is shown ixi QjJ, [2[] for a particle to pass through a ID sys- 
tem of two identical rectangular potential barriers, the tunneling 
time is independent in the opaque limit not only on the width of 
the barriers but also on the distance between them. This finding, 
known as the generalized Hartman effect, is evident to enforce 
the tension to appear due to the usual Hartman effect yfl be- 
tween the conventional quantum model (CQM) of this process 
and special relativity. It says once more that either the CQM, 
which predicts this paradoxical effect for a (not virtual) parti- 
cle, or the basic principle of special relativity, which forbids 
superluminal velocities, must be discarded. 

Despite the statements (see, e.g., ||4J]) about experimental ob- 
servations of the Hartman effect, we intend here to support the 
first and to present a new model of this process. The point is 
that the CQM conflict not only with special relativity but also 
with classical probability theory. At the same time the adequate 
quantum description of this process, as a basically statistical 
one, must be compatible with the latter at the macro-scales. 

By probability theory, experimental data obtained for trans- 
mitted and reflected particles, with the help of two detectors 
placed on each side of the system, are mutually incompati- 
ble. They do not belong to a single Kolmogorovian probability 
space (see [5, 6]), what makes inadmissible any averaging over 
such data. Thus, quantum mechanics must treat these data in the 
same way. It must imply that the squared modulus of the state 
to describe this process in any representation is not the proba- 
bility density (see also |7|]), and the process itself is a complex 
one to consist of two causally evolved alternative subprocesses, 
transmission and reflection, to need their individual description 
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at all stages of scattering. The CQM is evident to violate these 
requirements of probability theory and special relativity. 

With relation to these requirements all scattering times intro- 
duced within this model fo r a p article scattering on a ID po- 
tential barrier (see reviews llU I 111 Il2l Il3l Il411 as well as the 
recent papers [8, 9]) fall in fact into two classes. The first one 
includes scattering times which like the Biittiker dwell time Tr> 
are based on the properties of the wave function in the barrier 
region. The second one includes scattering times which like the 
Wigner phase time t p i, characterize scattered wave packets. 

The main feature of td is that this time quantity does not dis- 
tinguish between transmitted and reflected particles, and thus 
it relates neither to transmission nor to reflection [10]. Some- 
times (ibid) tq is treated as the mean value of the transmission 
time tj and the reflection time tr: tq - T7-T + trR where 
T is the (real) transmission coefficient, R is the reflection one; 
T + R = 1. But this status unfits tq, because this averaging 
rule contradicts probability theory to forbid any averaging over 
statistical data associated with alternative subprocesses. 

To show explicitly that this rule leads to nonphysical results, 
it is sufficient to calculate on its basis the mean value of the 
particle's momentum for the final stage of a ID completed scat- 
tering, provided that at its first stage a particle has the definite 
nonzero momentum po and, besides, T = R = 1/2. It is evi- 
dent that the searched-for mean value is zero in this case, which 
has nothing to do both with the momentum po of transmitted 
particles and with the momentum — po of reflected ones. 

Thus, by probability theory, no physical meaning can be at- 
tributed to the dwell time tq- As regards T p k, at first glance it 
is this quantity that gives the transmission time. However, this 
is not the case. To treat this quantity (see lill2ll2lL9]) as the 
time spent by transmitted particles in the barrier region (i.e., as 
a local transmission time) is erroneous, because t p h is defined 
via the amplitude and phase of the transmitted wave packet to 
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move far from this region. To treat t p /, (see [ 10]) as the asymp- 
totic (extrapolated) transmission time is erroneous, because this 
concept violates the causality principle. 

Indeed, to define the asymptotic (group) transmission time, 
one has to compare the motion of the center of "mass" (CM) 
of the transmitted wave packet with that of the reference wave 
packet (RWP). The latter, by definition, moves freely at all 
stages of scattering and coincides at the first stage with the 
wave packet to evolve causally into the transmitted one. The 
searched-for quantity is simply the local group transmission 
time defined for the RWP's CM plus the time delay of the CM 
of the transmitted wave packet relative to the CM of the RWP, 
acquired by the former in the asymptotically large spatial re- 
gion, in the course of the whole ID completed scattering. 

However, in the phase time concept the role of the RWP is 
played by the wave packet to coincide at the first stage of scat- 
tering with the incident one to describe the whole ensemble of 
particles (but with the norm reduced ad hoc to T). Such a choice 
is evident to be erroneous since ". . . an incoming peak or cen- 
troid does not, in any obvious physically causative sense, turn 
into an outgoing peak or centroid. . . " ll ill . 

The same concerns the conditional transmission dwell time 
defined for the stationary state as a weak value (see [15] as well 
as H). As is assumed in [ 15], the final transmitted wave and the 
corresponding initial one are related ". . . by a parity flip com- 
bined with a time reversal. . . ". But the latter does not evolve 
causally into the former. There is no spatial point where these 
two complex-valued (incoming and outgoing) waves could be 
joined, resulting in the stationary wave function, everywhere 
continuous together with the corresponding probability current 
density (see also Section[3]l. 

Thus, the CQM allows one to define the average time of ar- 
rival of transmitted particles at some remote point in the trans- 
mission region, but to define unambiguously their departure 
time is impossible in principle within this model. Figuratively 
speaking, the CQM gives no rule for setting the position of the 
clock's hand, which would correspond to the beginning of the 
transmission subprocess. As as result, none of the transmission 
time concepts introduced in the CQM yields asymptotic and, all 
the more, local ones; what makes impossible the unambiguous 
interpretation of their experimental realizations. 

Solving this problem needs the individual description of 
transmission and reflection at all stages of scattering. This was 
realized in II 1611 by the example of symmetric potential barri- 
ers, where the time-dependent scattering state to describe a ID 
completed scattering was uniquely divided into two causally 
evolved substates to describe the alternative subprocesses. 

This approach reconciles the quantum-mechanical superpo- 
sition principle with the "either-or" rule to govern mutually ex- 
clusive events in classical probability theory. It allows one to in- 
troduce correctly both the asymptotic and local scattering times 
for a ID completed scattering, as well as to shed new light on 
the usual and generalized Hartman effects. To perform this pro- 
gramm, we have to dwell also on the key points of our approach 
1 1611 in order to make this paper readable on its own. 



2. Backgrounds 

Let a particle with a definite energy E {E > 0) impinge from 
the left on the system of two identical rectangular barriers of 
height Vo (Vo ^ E), which are located in the finite intervals 
[a\,b\\ and [02,^2]; b\ — a\ — £>2 —a% — dis the barriers width; 
a-i-b\ - I is the distance between the barriers; b2~a\ = D. This 
system is symmetric and hence the approach IU6I1 is applicable 
here. The only difference is that now we deal with the potential 
to be not smooth inside the region [ai.iJi the intervals [a\,bi], 
[b\,a2] and [fl2,£>2] should be handled separately. 

Let ¥f u ii(x, k) denote the stationary state of the ensemble of 
particles to take part in the process; k ■■ 
and to the right of the system we have 

V full (x,k) = e ikx + b OII ,e ik ^- x \ 
y fuU (x,k) = a 0Ut e ikix - D \ 

Q-out — ~ I -j, „, I Dout — 

Q = q*e^ + ip e^, P 



^2mE/h. To the left 
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T is the transmission coefficient (R — 1 - T) and / is the phase, 
which characterize each rectangular barrier of this system: 

T = [l + 6 2 +) smh 2 (Kd)Y , J = arctan(0 ( _) tanh(^)) 
^^U^l)' K = V2"i(Vo - E)/h. 
Inside the n-th barrier region [a n , b n ] (n- 1,2) 



VfuU - a { flu sinh[*(x - b n )] + b ( "^cosh[K(x - &„)]; 
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In the gap between the barriers (b\ < x < a^) 

W fuU = ai"^ sin[k(x - x c )] + b** cos[k(x - x c )]; 



(3) 
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3. Wave functions for transmission and reflection 

As was shown in [ 16], the state v F/ M //(.x:, k) can be uniquely di- 
vided into two components to describe causally evolving trans- 
mission and reflection. Namely, there is a unique pair of the 
wave functions ij/ tr (x, k) and prefix, k) which obey equation 



tff tr (x, k) + prefix, k) = ^fudx, k) 



(4) 



as well as possess the following properties: (a) either function 
unlike ¥/„// (x, k) has one outgoing and one incoming wave; (b) 
the outgoing wave of 4i, r (x, k) coincides with the transmitted 
wave, and that of ij/ r ef(x, k) coincides with the reflected one; 



(c) the incoming wave of either wave function is causally con- 
nected at the joining point x c to the corresponding outgoing one 
- the (complex-valued) functions ip, r (x, k) and if/ re f(x, k) as well 
as the corresponding probability current densities are contin- 
uous at this point (but the first derivative of either function is 
discontinuous here); (d) for any symmetric potential barrier, x c 
coincides with the midpoint of its barrier region, irrespective 
of the particle's energy; i.e., for the system under consideration 
x c - Q>2 +Oi)/2. 

Beyond the interval [ay, x c ] we have for x < ay 



ref ikx 



ik(2a,-x). 



M*. t) = A'[ n e lKX , ^{x, t) = A^e' kx + b oul e 
for x > x c 

ftrix, k) = "VfulliX, k), lj/ re f(x, t) = 0. 

That is, by this approach there is no interference in the region 
x > x c - reflected particles merely do not cross the midpoint x c . 

\ref. 



The amplitudes A/ n (k) and A. (k) read as 

K = alutibaut + a out ) = Vr( Vr ± i Vk) , 

K/ = buK ut - o s m Vfc( Vr ± » V£) ; 



(5) 



or A. — V^exp(//l) where A - + arctan ~\/T(k)/'R(k); for any 
value of k either the upper or lower sign is valid; hereinafter T, 
K and /J denote the scattering parameters for the two-barrier 
system: T{k) + fl(k) = 1 for any value of k. It is evident that 



A»(k) + AZ f (k) = l, 
Then, for ay < x < by 



W + KlW^i. 



\p tr - a tr sinh[A-(^ - by)] + b lr cos\i[k(x -b\)}, 
tyref = a ( r l\ sinh[4jc - by)] + b [ ^ f cosh[/d> - by)]; 
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for b\ < X < X r 



Iptr - CTfr Sin[fc(x • 
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x c )] + bf r p cos[£(x - x c )], 

g<*P 
ref ' 



tyref = a g *f sin[k(x - x c )]; 
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Of importance is to stress that 
\ij/, r (x c - x, k)\ = \ifrir(x - x c , k)\ 



(9) 



and, as a consequence, \dif/ lr (x c -x,k)/dx\ - \dift tr (x-x c , k)/dx\. 
This is valid for any system of potential barriers, which pos- 
sesses the mirror symmetry. It should be stressed however that 
if/f r (x c — x, k) + if/tr(x — x c , k) and if/ t ,(x c — x, k) 4- it/tr(x — x c , k). 
The first inequality means that the 'weak-value' rule of fitting 
the initial state to the transmitted one ". . . by a parity flip com- 
bined with a time reversal. . . " 11 1 511 gives an incoming wave to 
be not linked causally to the outgoing transmitted one. 



4. Transmission and reflection as alternative subprocesses 

To show that i(/ rr (x, k) and tfr re f(x, k) define alternative sub- 
processes, let us proceed to the time-dependent scattering pro- 
cess described by the wave packet W/uiiix, i) 

V fu a(x,t) = -^= f A(.k)¥ full (x,k)e- iE(k) " h dk 

which, at t - 0, represents, e.g., the Gaussian wave packet; 

A(k) = (2l 2 /n) 1/4 e xp(-l 2 (k-k) 2 ), (10) 

\A(k)\ 2 dk=l, x f uii(0) = 0, x 2 fuU (0) = l 2 ; 

hereinafter, for any observable F and time-dependent state if/, 
Fy{i) denotes the expectation value ^Lz, ; when F^t) is con- 
stant its argument is omitted. Then the expression 

1 C°° 

prefix J) = -= A(k)if, tvef (x,k)e-' E ^' /h dk 

y2n J-co 

gives the wave functions if/ tr (x, t) and if/ re f(x, t) to describe the 
time-dependent subprocesses. For any instant of time t (see ©) 



Yfullix, t) = lf/ tr (x, t) + iff re f(x, t). 



(ID 



A ID completed scattering implies that the incident and scat- 
tered wave packets move in the asymptotically remote spatial 
regions where they do not interact with the system. At the first 
stage this process is described by the incident wave packet 

i r°° 

¥ /bB (jc, t) - ¥£?(*, t) = -— A(k) exp[i(kx-E(k)t/h)]dk, 

as the reflected wave packet has not yet appeared at this stage; 
a\ » Iq. Accordingly, the transmission and reflection subpro- 
cesses are described at this stage by the wave packets 



*» - ¥u 



1 r 

V2tt J-c. 



A(k)A'[ n (k) exp[i(kx - E(k)t/H)]dk 



i r°° 

t„ f - f£ = -= A(k)A2 f (k) exp[i(kx - E(k)t/h)]dk 
y2n J-co 

In the ^-representation it is easy to show that (see © and ( TT3l l) 

itic inc 

xZ(0) = -A'(k) tr , x'™ f (0) = -X(k) ref . (12) 

That is, the CMs of the wave packets ^/^/(x, t), i// tr (x, t) and 
t// re f(x, t) start at t — from the different spatial points! 
Similarly, for the final stage of scattering we obtain 



<l>t 



1 f a 

- <c = -= 

V27T J-c 

- j— r 

V2tt J-oc 



A(k)a out (k)e 



i[k(x-D)-E(k)t/h] 



dk 



^ref * tfol 



A(k)b out (k)e m2a, - x) - E{k),/h] dk. 
From the above it follows that 

(d/ r W r ) + (tf ef W eS ) 

^mc'Tinc' ^ lnc \Y mc l 

= L rdxdkdk'A*(ie)A(k)e m -^ x - (m) - E ^ )t/fii 

2n J_ M 



Its integration by x and then by k', with taking into account the 
second equality in (0, yields 

(il/r W r ) + {ilf ref \xlr ref ) 

\t* mc*T mc> W inc \Y mc f 

Xco 
\A{k)\ 2 (\A'[ n (k)\ 2 + \AZ f (k)\ 2 )dk 
oo 
Xco 
\A(k)\ 2 dk = Wf u „\¥ fu u) = l. 
oo 

That is, at the first stage, transmission and reflection obey the 
probabilistic "either-or" rule, what means that at this stage 
they are alternative subprocesses, despite interference between 
ip'[ nc (x, t) and i[/™c(x, t). This interference is such that 

Xoo 
\A{k)\ 2 (A'[ n (k)fAZ f Wk 
CO 

Xco 
\A(k)\ 2 f(k) yJT(k)<R{k)dk; 

here f(k) is the piece-wise constant function to take two values, 
1 or -1 (see (f5])); its change on the &-scale occurs at the points 
where <R(k) = 0. So that WfJ^J) + <C>L> = 0! 
We have also to stress that (see Q) 

\A'[ n {k)\ 2 = \a out {k)\ 2 = T(k), \Al f {k)\ 2 = \b out {k)\ 2 = K(k), 

and hence 

All this means that a ID completed scattering is a complex 
process to consist of two alternative subprocesses not only at 
its final stage, when the transmitted and reflected wave packets 
move in the nonoverlapping spatial regions, but also at its first 
one to precede the stage of interaction of the wave packet with 
the barriers. The number of particles taking part in either sub- 
process, at the first and final stages of scattering, is the same. 
And this is valid for any symmetric system of potential barriers 
and any shape of the incident wave packet. 

At the stage of interaction we meet a more complex situa- 
tion. The norm R is constant at this stage too! This follows 
eventually from the fact that tf/ re f{x, k), unlike i[f,,(x, k), is zero 
at the point x c . As to T, this is valid only in the limit of narrow 
in £-space wave packets. In the general case, T varies at this 
stage (the continuity equation is nonlinear and, thus, the conti- 
nuity of the probability current density for a single wave does 
not guarantee that this is so for the wave packet). However, in 
our numerical calculations for Iq ~ D, the deviation of T from 
the constant value 1 - R has amounted several percentages only. 

Now, when the time evolution of either subprocess is known, 
we can proceed to studying their temporal aspects. In doing so 
we have to take into account that in the general case the present 
quantum model allows only the asymptotic transmission time to 
be defined strictly. The local one can be strictly defined only for 
sufficiently narrow in £-space wave packets. In the general case 
the model allows an approximate estimation of this quantity, 
because the maximal deviation of T from the constant value 
1 - R is not large at the stage of interaction. The estimation 
accuracy can be controlled by this deviation. 



5. The phase and dwell times of the CQM 

For the following it is useful to present also the phase and 
dwell times to describe the two-barrier system within the CQM. 
We begin with the Wigner phase time T pn (see rflL |2[|) written in 
the notations of the transfer matrix approach 11711 . In this case 
a out = yT exp(/,J"), and hence 



T ph {k) = — -J'(k)- 



T 



J' = / + — [(1 - R 2 ) {f +0 + 7" sin(2(7 + kl))\ 

J' = - [fl 2 +) sinh(2/ffl!) + 9 ( .)Kd] , 

T 2 
V - 20 2 +) — hd(.) sinh 2 (/«/) + Kd sinh(2/af)l ; 

hereinafter, the prime denotes the derivative on k. 
The Biittiker dwell time tq reads as 



t d 



m 

hk 



\¥full(X,k)\ 

•Ja, 



dx. 



For the system, t d = r^,, + rf ?, + t (2) ■ here t { ?„, rfi and t (2} „ 

J u full full fulr fulr full full 

describe the intervals [ai.fei], [^i,«2] and [a2, b-i\, respectively: 

T %i = { lKd [O 2 - ^X 1 + R ) + 2k o V^ sin(J + kl)\ 
+ [k 2 (l +R) + 2(k 2 - k 2 )VRsm(J + kl)\ sinh(2A-<f) 



+8/A V^cos(7 + kl) sinh 2 (/ffl?) 



mT 



mT 



Tfi* = 7T27 [«(! +R) + 2^R sin(7 + kl) sm(kl)] , 



full hk 2j 

(2) 



mT 



' ' •'" AhkK^ \ 2Kd(K2 ~ ^ + ^ sinh(2Kd) \ ; 

ko - sJ2mVo/H. 

As was said above, T p h and To give neither local nor asymp- 
totic transmission times. 

6. The local and asymptotic group scattering times 

Our next step is to present local and asymptotic group scat- 
tering times for the subprocesses. For example, the local group 
transmission time T l t ° c (see 11611 ). which describes the motion of 
the CM of the wave packet \ff tr (x, t) in the barrier region, reads 

as follows: t'° c = t exil - t entry 

instants of time that 



., where t emry and t ex u are such 



XtrVentry) — 0-\\ X tr \t e xit) — U2- 

That is, the concept of the local group transmission time rep- 
resents the average time spent by transmitted particles in the 
interval [«i,£>2] as the time spent in this region by the CM of 
the wave packet ^/ tr (x, t). 

Of course, this quantity does not give a complete description 
of the temporal aspects of transmission, as the system affects 
the subensemble of transmitting particles not only when the CM 
of ip lr (x,t) moves within the region \a\,b{\. One has also to 



introduce the asymptotic group transmission time to describe 
the CM's dynamics in the large spatial region [a\ - L,bi + L] 
where L » /q. When the CM of the wave packet if/ tr (x, i) is 
at the extreme points a\ - L and b 2 + L this packet does not 
interact with the system (note, for a ID completed scattering, 
the velocity of widening this wave packet is assumed to be small 
in comparison with the CM's velocity). 

All this means that the asymptotic transmission time can be 
introduced via the transmitted \p" nlt and to-be-transmitted ip? , 
wave packets. Making use of the ^-representation, for the first 
stage of scattering we obtain 



hk t , 



x tr (t) - x ; n r c (t) = —t- A'(k\ r ■ 

m 
similarly, at the final stage 

hk tr 



(13) 



Xtrif) - 4 (0 = —t ~ J'(k)tr + D - 



m 

Lout Tine 



We have to stress that k°"' - k'" r c - k rr . 

From the above it follows that the time T r ' r (L) spent by the 
CM in the spatial region [a\ — L, b 2 + L] is 

t£(L) = tr-ti = jr- fptfC - Wfc + 2LJ , 
where t r and t\ obey the equations 

x^(ti)=ax-L; x° t ?(t r ) = b 2 + L. 

The quantity r£, = rl r r (0) is just the asymptotic (extrapolated) 
group transmission time, 



mD' r ff 

t'l = —4^, D'; ff = 'j'(k\; - A'(k) t , 



—Oil! 



hk, r ' ~ eff 

Similarly, for reflection on the symmetric system we obtain 



(14) 



J e f 



mD 



ref 

e ff r.<ef 



hk, 



ref 



o';j f = j'(k) ref - A'(k\ ef . 



(15) 



Quantities D' e r ff and D Te L in (fT4b and (TT3T > can be treated as 
effective widths of the system for transmitted and reflected par- 
ticles, respectively. Note also that k'" e c f — -k°!" f — k re f. 
For narrow in the &-space wave packets 

r'L(k) = T r a e /(k) = r as (k) = mDe " (k \ Deff{k) = J'(k)-A'(k). 

Correspondingly, for the starting points x' r " c (Q) and x'" e c f {0) (see 
(O) we have xj' r ,c (0) = x^JO) = x stan = -A'(k). In the general 
case explicit expressions for these quantities are cumbersome. 
However, for I - when the two-barrier system transforms into 
the D-wide rectangular barrier, we have for E < Vq (see 11611 ) 



So, the key feature to differ T p h(k) from r as (k) is as follows. 
The former is based on the unwarranted assumption that x star , - 
^/h//(°) = °> resulting in D eff(k) - J'(k). The latter implies 
that x starr = -A'(k) + xfjO) and D eff (k) = J'(k) - A'(k). 

This difference becomes striking for the ^-potentials. In this 
case J'(k) = A'(k) (see (H]). As a result, by the CQM 

X start = 0, D eff (k) = J'(k); 

however, by the present model 

Xstan = -J'(k), D eff (k) = 0. 



7. The dwell times for transmission and reflection 



The dwell times for transmission and reflection - r^ and t d 
- are defined for the two-barrier system as follows 



ref 



hkT 



I \<fftr(x, 



k)\ 2 dx^T^ + ^ P + Tf r \ 



T ^ f= mL M**>f«** sT £ 



/ ref ' 



J r > 



-(1) 



here t... and t , describe the interval [ci.feil; rl and f 

11 rei *» i 



J?>- 



rgap 

ref 



characterize the gap [^1,02]; T tr relates to [02, b 2 ]. 
Calculations yield 



2hkK 3 



r (1) 

ref 



[IkcHk 2 - k 2 ) + k\ sinh(2K(f)] . 
kl{\ +R) + 4V^sin(-)sin(y+ —J 
\1kcI [k 2 -k 2 - kl cos(&o] + 4£/e sin(£/) smh 2 (Kd) 



hk 2 T 



[kl - (k 2 - k 2 ) cos(^0] sinh(2^)|^- I |P| 2 , 

< P f(k) = %\P\ 2 [kl-sin m 
R 



\P\ 2 



T~ x = 1 +4— cos 2 (J + kl), 
-[l + R-2^sm(J + kt)]. 



Note, t, (2) = t^ = r^ r . Besides, if r l f and T, i r s> " denote, re- 
spectively, the transmission dwell times for the intervals [a\, x c ] 
and [x c , bt[, then the following equality is valid (see (0), 



J e f> _ -right _ J,ar _,_ ^gap n _ jr , 
1 tr 'tr 



= t^ + ^ p /2 = t%/2. 



(17) 



That is, this model unlike the CQM obeys the natural require- 
ment: for any barrier structure to possess the mirror symmetry, 
the transmission time must be the same for its two reflection 
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4 [k 2 + k 2 sinh 2 (kD/2)] [k 2 sinh(*D) - k 2 K D] symmetric parts. Note, T< a r s (k) = r r a e /(k), but T%(k) + T™ f (k) ! 
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8. On the Hartman effect 
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(16) 



As is known (see QJJ, |2[] and references therein, as well as [8]) 
the generalized Hartman effect appears in the CQM in the 





Figure 1 : The dependence of t" d (full curve), To (broken curve), t p i, (open 
circles) and Ttree (straight line) on the distance / between the barriers 



Figure 2: The dependence of t , (full curve), r*°f (open circles) and Tf n 
(straight line) on the distance / between the barriers 



opaque limit: nd — > oo and cos 2 {J + kl) » T 2 /(4R). We con- 
sider two cases. Let firstly d — > oo but Vq be fixed. Omitting 
the exponentially small terms, we obtain 
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tikic'O 2 cos 2 (7 (o0 ) + &/) 
x [/fc 2 + (k 2 - k 2 ) sin(7 (co) + 2kl) + 2kKCOs(J (oo) + 2kl)] (18) 

Another variant of the opaque limit is realized when Vo — * oo 
(or &o — > oo) but d is fixed. Again, omitting the exponentially 
small terms, we obtain 
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Note that in this case 

-gap j^ 
JL-,-±[kl-sin(kD]. 



(19) 



(20) 



As is seen from Exps. ([T8l ) and ( fT9] l, far from resonant points 
where T(k) - 1 both the phase time t p h and the dwell time td 
saturate in the limit d — > oo (y is fixed) and diminish in the 
limit Vo — > oo (rf is fixed). However, such behavior of these 
quantities has no physical content, because both are neither lo- 
cal nor asymptotic transmission times. 



As regards t^ to play the role of the local transmission time, 
this quantity increases exponentially in the opaque limit (see 
Exps. ([TBI and (fT9l). In this case a tunneling particle spends, 
on the average, the same time in the regions [ci\,b\\ and [a2, bj\ 
occupied by the identical barriers. Besides, as is seen from 
Exp. d20l >. the probability to find a tunneling particle in the 
space between the barriers increases in the limit Vo — > oo, as 
compared with that of finding its in the barrier regions. 

Fig. [1] shows the dependence of t" d , td, ~c p h as well as Tf ree , 
Tf ree - m(2d + l)/(tik), on the distance / between the barriers; 
m = 0.067m e , E = O.leV, V = 0.15eV, d = Anm; m e is 
the electron mass. As was expected, the times r^ and tq are 
equal at the resonant points (both differ from the phase time t p /, 
in this case). Of importance is that t^, unlike To and r p h, is 
everywhere a nondecreasing function of d and /. 

As regards the reflection dwell time t'^ , it behaves like To in 
the opaque limit. However, such result does not lead to any con- 
flict with relativity theory. It says simply that, in this limit, the 
average depth of penetration of reflected particles into the spa- 
tial region occupied by the system either diminishes (Vo — > oo, 
d is fixed) or saturates (d — > oo, y is fixed). Another situation 
arises at resonant points. As is seen from Fig. [2] (all parame- 
ters for Figs.[T]and|2]are the same), under resonance conditions 
the time t^ 1 ! increases linearly when / grows, but r\ remains 
constant in this case because d is fixed. What is interesting is 
that the time r , is large enough at the resonant points where 
sin(7 + kl) - - 1 ; for sin(7 + kl) — 1 it is small. 

Note that like t p h, the asymptotic transmission time t'^ sat- 
urates in the limit d — > co. However, this fact does not at 
all mean that the effective velocity of a tunneling particle be- 
comes superluminal in this case. It is demonstrated by Fig. [3] 
which shows the function x, r (t) to describe scattering the Gaus- 
sian wave packet ( TTOb on the rectangular potential barrier (i.e., 
I - 0): / = lOnm, E = (hk) 2 /2m = 0.05eV, a x = 200nm, 
Z?2 = 215nm, Vo = 0.2eV. (Note, in this case the deviation 
of T from 1 - R does not exceed five percentages, though the 
wave-packet's and barrier's widths are of the same order.) 
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Figure 3: The CM's positions for ifr tr (x,i) (circles) and for the corresponding 
RWP (dashed line) as functions of time t . 



This figure shows explicitly a qualitative difference between 
the local and asymptotic group times. While the former gives 
the time spent by the CM of this packet just in the barrier region, 
the latter describes the influence of the barrier on the CM in the 
course of the whole process. More precisely, t% s — Tf ree is the 
time delay acquired by transmitted particles in the course of 
a ID completed scattering; Tf ree - mD/Hko. It describes the 
relative motion of the CMs of the transmitted wave packet and 
the corresponding freely moving RWP. The latter starts from the 
point x'" r c (Q), rather than from x l ^ n (Q) (as is seen from ( fT6b . in 
the opaque limit, 4' c (0) * x^(0) 

t£ c *0,155j«,i£*0,01j«,t / „ 

Thus, the influence of the opaque rectangular barrier on the 
transmitted wave packet has a complicated character. Both the 
local group transmission time and the dwell one say that the 
barrier retards the motion of the CM when it enters the barrier 
region. The asymptotic group transmission time tells us that 
the total influence of the opaque barrier on the transmitted wave 
packet has an accelerating character: at the final stage of a ID 
completed scattering this packet moves ahead the RWP. 

Note that this effect relates to the asymptotically large spatial 
interval, and it does not contradict special relativity. Let v„ -(E) 
(v, r (E) <K c) be the CM's velocity at the first and final stages of 
scattering. Then the effective velocity v e ff(E) of the CM in the 
region [01 - L, bi + L] can be estimated from the equality 



0). In the case considered, 
*0,025ps. 



C(L) = 



2L + D eff (E) 2L + D 



Vtr(E) 



Veff(E) 



In the opaque limit D e // — > 2/k{E) (see (fTot). Hence with the 
inequalities L » Iq » D to secure the opaque limit in the time- 
dependent case, v e ff(E) « v, r (E), when k(E)L » 1 . 

So, the saturation of the asymptotic transmission time and 
the exponential increase of the local one can be simultaneously 
observed if only E < Vq and L » Iq » D. To keep the last 
condition /q » D is very important. Otherwise the transmitted 



wave packet is built of the 'above-barrier' harmonics what leads 
to the violation of the regime of an opaque barrier. When I + 0, 
the regime of an opaque two-barrier system is violated if the 
parameters d, Vq and Iq are fixed but / — > oo. In this case the 
function T(k) is rapidly varying one. Thus, in order to secure 
this regime in this limit, Iq must increase proportionally to /. 

9. Final remarks 

So, to reconcile the quantum description of a ID completed 
scattering with probability theory and special relativity, we have 
developed its new quantum model to treat this process as a com- 
plex one to consist of two alternative subprocesses - transmis- 
sion and reflection. The model obeys the next two require- 
ments: (a) to be consistent with probability theory, it avoids 
any averaging over statistical data associated with alternative 
subprocesses, giving their individual description at all stages of 
scattering; (b) to be consistent with special relativity, it ensures 
the causal character of their evolution at all stages of scattering. 

As is shown, the stationary wave function to describe this 
process uniquely splits into two components, each having one 
incoming and one outgoing waves joined at some spatial point 
with keeping the continuity of each (complex-valued) subpro- 
cess's wave function as well as the continuity of the corre- 
sponding probability current density. For any symmetric po- 
tential barrier the joining point coincides with the midpoint of 
the barrier region, irrespective of the particle's energy E. By 
this model, reflected particles never cross this point. 

A complete description of the temporal aspects of either sub- 
process needs the introduction of local and asymptotic scatter- 
ing times. The first ones give the average time spent by trans- 
mitted (or reflected) particles in the barrier region. The second 
ones relate directly to the time delay caused by the influence of 
the potential barrier on transmitted (or reflected) particles in the 
course of the whole time-dependent scattering process. 

The CQM to violate the above consistency requirements is 
unable to give such a detailed description. As a result, none of 
the scattering time concepts introduced in this model, including 
the phase time t p i, and the dwell time To, can be considered as 
well-established. For example, the fact that ". . . the measured 
delay times agree with the theoretical predictions provided by 
the method of stationary phase. . . " (see H14TI as well as tlj,|2|,|4|]) 
does not at all establish t p h. This agreement means nothing 
but both are based on the same time-keeping procedure. This 
agreement is misleading, because this time-keeping procedure 
is internally inconsistent, having no relation both to the local 
transmission time and to the asymptotic one. 

In this paper we present the explicit expressions for the local 
and asymptotic group scattering times as well as for the (lo- 
cal by definition) dwell transmission and reflection times to de- 
scribe a particle scattering on the system of two identical rect- 
angular barriers. Both the local transmission times increase ex- 
ponentially in the limit d — * oo, but the asymptotic group trans- 
mission time saturates in this case. So that the Hartman effect 
relates only to the asymptotic group transmission time. 

At first glance, these quantities cannot be measured, because 
the time evolution of either subprocess is latent in the region 



x < x c . However, the situation when some physical quantity 
admits direct measurements is rare exception, rather than rule. 

We have to draw reader's attention on the fact that the pre- 
sented decomposition of the probability wave *P{" (x, k) into 
$L.(Jt, k) and if/.(x, k) is analogous to the decomposition of the 
incident plane-polarized monochromatic electromagnetic wave, 
in the Faradey effect of classical electrodynamics, into two 
circular-polarized incident waves: (a) in either case the decom- 
position is unique - the pair of the circular-polarized electro- 
magnetic waves is unique for a given magnetic field; the pair of 
the probability waves \jtf and if/, is unique for a given poten- 
tial barrier; (b) in either case the paired waves are latent at the 
first stage of scattering; (c) in either case the unambiguous inter- 
pretation of experimental data for scattered waves is impossible 
without addressing the corresponding theoretical model to give 
uniquely the time evolution of waves at all stages of scattering. 
Of course, the latter implies the consistency of either model. 

All the above fully concerns the study of the temporal aspects 
of tunneling within the CQM, as none of the experimental time- 
keeping procedures developed within this model implies only 
direct measurements. Each of them is based also on assump- 
tions borrowed from the theoretical concept tested. For exam- 
ple, the procedure of measuring the phase time is based, like 
this concept itself, on the assumption that the role of the RWP 
is played by the wave packet W. (x, i). However, as was shown 
above, this wave packet is not linked causally to the transmitted 
one if/„ ut (x, t). Thus, strictly speaking, it is meaningless to speak 
of any experimental realization of the phase time, because the 
physical meaning of this quantity is ambiguous. 

By the concept of the asymptotic group transmission time 
T as , the role of the RWP, in measuring the duration of a ID 
completed scattering for transmitted particles, must be played 
by the wave packet if/"' (x, t) rather than Y. (x, f). Unlike the 
phase time concept, that of T as can be assumed as a basis of the 
corresponding experimental time-keeping procedure consistent 
with the causality principle. 

As regards the dwell transmission time r^, this quantity is 
simply the doubled transmission dwell time T r t ' r g " . Thus, mea- 
suring t'q is reduced in fact to the experimental verification 
(e.g., with the help of the Larmor clock procedure) of the equal- 
ity T t e /'(k) - T r t ' r slt (k) (see ([PTl l) to reflect the symmetry of the 
system, as well as to measuring the quantity t"/ to describe 
the region [x c , bj\ where there is no interference. 

As is seen, our approach discards the existing scattering time 
concepts. Notwithstanding it well respects the ideas and clock 
models to underlie them. It says only that they must be ap- 
plied to the subprocess's wave functions. In this paper we show 
how to do this by the example of the time-keeping procedures 
to underlie Wigner's and Biittiker's scattering time concepts. 
However, it is desirable also to realize this programm for other 
time-keeping procedures: on the one hand, this can made these 
procedures consistent with classical probability theory and spe- 
cial relativity; on the other hand, this can shed new light on the 
time evolution of the transmission and reflection subprocesses. 

It is worth to dwell separately on the Feynman, Bohmian and 
Wigner approaches to introduce one-particle trajectories. As 



it follows from our model, if/ re f(x, f) = for x > x c . This 
means that the incident particle to have crossed the midpoint x c 
of the symmetric barrier cannot return backward into the region 
x < x c . This result agrees with classical mechanics. Indeed, 
for a classical particle to impinge from the left on a smooth 
symmetrical potential barrier, the midpoint of its barrier region 
is the extreme right turning point, irrespective of the particles 
mass and the barrier's form and size. That is, in fact our ap- 
proach extends this property onto quantum particles. Thus, by 
classical mechanics and this quantum approach, all one-particle 
trajectories to violate the above restriction must be discarded 
as noncausal. To avoid the appearance of such Feynman (as as 
well Wigner and Bohmian) trajectories for a ID completed scat- 
tering, they must be adapted to (derived from) the wave func- 
tions to describe its subprocesses. 

From the above reasoning it follows also that the unusual, 
piecewise-continues character of the wave functions if/ tr (x, k) 
and iff re f(x,k) reflects simply the properties of the context 
(complex of real physical conditions) under which both the 
subensembles of particles move (see la]). From the viewpoint 
of classical probability theory we deal here with a complex (dis- 
continuous) context to differ cardinally in the regions x < x c 
and x > x c . This context creates each subensemble, in these 
regions, in different Schrodinger states joined at the point x c 
with keeping the causal character of the time evolution of this 
subensemble. 
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